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Abstract

Wc dcsc.ribc an elementary proof that a manifold with the topology of tb~
l’olitzer time machine does not admit a nonsingular,  asymptotically flat
lnrcmtz  mdric.
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in a recent  palmr Chatntrlin,  Gibbons and Stcif  [1] have usccl the idea

of gravitational kinks [2 3] to prove that, in even spacctirne  dimensions there

does not exist a nonsingular,  asymptotically flat IJorcntz metric on the smooth

l’olitzcr  time rnachinc. q’hc 7L-dimensional I’olil,zer time lnachine  is obtai]lcd

try (i) starting from the Minkowski spacctimc  lt” with the flat metric, (ii) by

cutting out and dulJicatirlg  the two closed unit (n - 1) balls ccntcrcd  at tile

origin in each of the SpaCClikC  hypcrsurfaccs  {t = O} and {t =- 1}, so that a pair’

of sr]herical “slits” is crcatccl,  one in each hypcrsurfacc,  and (iii) by identifying

the upper cclgc of the first slit wit]] the lower edge of the second, and the Iowcr

edge of the first slit with the upper  edge of the sccoud. !l’hc resulting tol)ological

space is not a manifold, as the troundary points of the two slits (the points that

lie on the boundary spheres of the two unit (n - 1)- balls)  do not have locally

Euclidean open ncightrorhoods. However, these singularities can be trivially

smoothed-out to obtain a manifold with tlm same global topology as the original

space; wc wi]l call this manifold ‘(smooth ~’olitzcr  Shad’  fOr CrrlphaSiS. It has

the topology of a 71- dimensional “handle”) i.e. S(’’-l)  x S1 with a ~)oint (whic}l

corrcsl)orrds  to infinity) removed. (A rnorc drastic way to otrtain a smooth

manifold is to simply remove the troublcsornc  troundary points of the two slits;

together with the flat metric on the original space, this yields a well-defined

spacctirnc  with singularities where the bour)clary  points arc removed. It is this

space that is usually referred to as the “1’olitzcr  spacetirne”  in the literature. )

~llc question addrcssccl by []],  and also by t}lc present note, is whether a s~nooth

IJorcntTJ metric, which has the same qualitative behavior as the flat metric on the

original Polit7jcr space, exists on tllc srrlooth l’olitzcr  manifold. In ~larticular,

such a metric needs to trc asymptotically flat at the asymptotically Ruclidcau

“end” (the point at “infinity” removcx]  from Sf”- ‘) x s]) ofthc  I’olitzcr  handle.

(For more dctaikxl  background information we refer to [I].)

q’his  question has been answered negatively irl [1] try Chamblin,  GiLtrons

and Stcif. ‘1’IIc techniques used by these authors, based on the general notion

of gravitational kinks [2- 3], have wide scoj~c and great  power in dealing with

questions of this kind. IIowcvcr,  for the present s~xxific  question about the

smooth Politzer s~lacc, there exists  a Sirn]]ler  proof of the ncp;ativc  answer that

U s e s  only C] C!lrlCrltaly difkr(!rltial  to~lolo~~j w’~ Will r~ow l)rCsC1lt  this  ]lrOOf.  {)UI’

argument is based on a single well-known result: the I’oincarc-IIolJf  theorem [4],

which states that for a compact, oricntable  manifold Al and a srnootll vector

ficlcl X on A~ with only isolated zeros, ttm Euler  number  ~(A4) is equal to the

sum over the zeros of X of the indices of X at those zeros. One irnrncdiai,c

corollary of this result is that if x(it4)  + O, a comj)act,  oricntablc  M does not
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admit an cvcrywhmc  nonzcro  vector field, arid hcncc  dots not admit a smooth

I,crrcntz  rnctric.  Another corollary is the formula for ttlc R;ulcr numtrcr of a

conncctcd  sum: If A41 and A4Q arc coml]act,  orientable  even (27r~-)dimcnsional

manifolds, then x( A41#/MQ)  = x(A41)  -1 x(A4Q) - 2. q’o derive this from the

l’oincarc-FIoI] f,collsictcr  vccLOrficlcts Xl and X2 witllisolatcd zcrosoni141  and

A4z, rcspcctivcly,  so that  .Y~ llasasirrll)lez  eroat pi C AI;. Sinccthc antir]oclal

map on the odd-sphere S(2’”- ‘j is homcrtorlic to irlcntity  ([4]), wc can, without

changing the indices at the zeros, flip the signs of the X: if ncccssary  and arrange

that Xl is inward-pointing near  P1 and X2 is outw’ar(l-r)oir~tir~g  ncal PZ. Now

wc perform the conllcctcct sum try joirling  A41 and A4Q in a ncighhorhood  of

pi c A41. Then wc can smoothly cxlcrld  the vector ficIcIs Xi to a VCCtOr ficld
X on Ml # / M2 such that X has prcciscly  the sarnc set of zeros and indices as

the X1 except  for the simple zeros at pj ancl Iti: X is smooth and nonzcro near

f)J = f)2 by cor)structiorl.  !f’hc for’] rlula ~low follows by sirnl)lc cour~tir~~.

N o w  awurnc  that the smooth l’oliizcr  sJ~acc S] x S(’’-l)  \ pw aclrnits a

smooth T,orcntz metric which is asy~nptoptically  flat near PM. l,ct 7’” denote

the 7L- torus with the standard flat l,orcntz metric on it. Since the I,orcntz

metric on the Politzcr manifold is asymptc)tically  flat at pm, wc can combine

the two metrics smoothly to otrtain  a lJorcnt7r  metric on the conncctcd  sum

(S1 XS(’l- 1))#/7’”.  l]ut the Ruler nurnhcr  of S] x S(’l- ‘) and of 7“] arc troth zero.

If the dimension 7L is even, hy the formula above X[(S] X S(’’-l))7/”]”]  = -2,

accordingly, it is imr]ossibe  for ( S1 x S(”- ‘))+/7’”  to admit a smooth J,orcntz

rnctric.  g’his  corltradiction  ])rovcs the result wc seek in even dimensions n.

hIorc  generally,  let  us call  a TL-  ma])ifold  A4 “asyrnlJtotically  Nuclidcarl”

if compact subsets K C M and 11 c I{’* exist such that M\K is diffcornorl]hic

to R“\l;. Call a l,orcnt~  metric on A4 asyrr~l)totically flat if on M \ K  it is

asymptotic to the Mi nkow$ki  met ric. l’or an asymptotically Euclidean M, let

A4R denote the one-point corrll]actification  of M otrtairiccl by smoothly acljoinin.g

to A4 the point at infinity of M\K. Thus, if M is 1{.”,  then Mw is S“; for tllc

s m o o t h  l’olitzer  space A4~ is S1 x St”-  l). ‘]’hc  a.r~ur[lcnt  abOVC  lJroVcs  t h e

following result:

.T,ct M bc an oricntatrlc,  even-dirncnsional asymptotically Euclidean manifold.

If X( Mm) # 2, thcrl A4 does not admit a smooth, asymptotically flat I,orcnty

metric.

q’]lc research dcscribcd  in this pal)cr  was carried out at t~lc ,Jct ]’I’OIJUkkMl

l,ahoratory,  Caltcch, and was s~jonsorcd  hy the NASA Relativity Office and hy

the National Research Council  througl)  an agrccrncnt  with NASA.
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